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Thc VOi~l-Rcuss-Hill (VRE ) approximation, a useful schcmc hy which anisotropic single-crystal 
c1:l~iic constants can bc converted into isotropic polycrystoLilinc clastic moduli, is shown to apply for mod­
crately an isotropic cu bic crystals like i\fgO, C;lh, [j-ZnS, ZnSc, and CdTe. Experimcntal \·:t1uc5 of Jloly­
cryslallinc isotropic clastic modul i for thesc matcrials are prescnt~d here, and the validity ot the V1Ul 
approximation is c5tahlished. The VRH approximation is then discussed for these matcrials with respcct 
to their c1:lstic anisotroJ1Y of crystals. T o provide furthe r support to this work, a numcrical confirmation 
on thl! "RH moduli is made \\'itJl thc use of a high-spced computcr by calculating the mcan vdocity oi 
sound in crystals and comparing th is result with thc corresponding quantity calculated from thc actual 
polycrystaliinc elastic moduli. Thc gcneral agrcemcnt is observed. 

1. INTRODUCTION 

The \ 'oigt-Reuss-lIill approximation is an averaging 
.;l'ilctne by 'which anisotropic single-crystal elastic con­
stants can be convertcd into isot ropic polycrystalline 
elastic moduli . The <weraging scheme is explicitly 
basecl on three independen t theo reti cal con tributions 
eludo \"oigt/ Reuss,2 and Hi11 3 ; thus it was nam~d the 
r oigt-Reuss-IIill ( \ 'RH) approximation.4•5 The VRH 
;Ipproximation is simplc and easily tractable in theory. 
For a single-phase crystallinc ag;;regate made of cr~'­
~tals that are sli;.dllly anisotropic, the approximation 
~i\'cs the realist ic val ues or isotropic clastic moduli. 
HowevCl', inr :q.;gl·cg;ltes containing crystals of highly 
3niso tl'Opic cryst als, a quest ion arises whether or not 
thi~ approximation gives still the n.:alistic eSLim<tles of 
the polycrystallinc elastic properties. 

The pur[)osc of this paper is to study the VRH 
approximation'for highly anisotropic cubic crystaLs and 
to examine to what cxtent thi s approxim ation is useful 
ior calculating the polycrystalline isotropic moduli from 
the corresponding single-crystal data. The materials 
dlOsen for the present \\'ork arc :;VI gO, CaF2, ,B-ZnS, 
ZnSe, and CdTe fo r which the well-characterized 
lulyaysl;t!line specimens wen.: a.vailable. The [101)'­

trysla lline {3-ZnS, ZnSe, rUle! CdTc are of particular 
interest in th e prescnt \\'od.;: since they arc aggrega te 
\'xampks oi highly anisotropic crystals h;Lving the samc 
~ tr ucture, and thus the measuremcnts of the isotropic 
\<]asl ic moduli on these materials provide important 
\'m pirical data tlmL test the validit.y of the VJUI 
approximation for high clastic an isotropy. 

I \I'. Voi t:t, Lclrrbuch del' ]I.ristal/plr),si/'· (Jl. B. TelllJner, 
l.cipz i ~, InS), p. 73'J . 

1.\. Rcuss, Z. Angcl\' . ,\[ath. i\lech . 9, ,J9 (1920) . 
'R .llili, i'roc. l'hy~. Soc. ( London ) 65,349 ( 1'),';2). 
• D. 11. (,hullg, 1'h; 1. .\1 ago 8, [X,)] 1>33 ( I 'Xl3) . 
'(). L . . \lld~rs()ll, j. I'hys. ('hem. Solids 24,909 (1963). The 

H:IIG (Voigt-J~ eus,'llili-G il\'arry) approxima.tion so called 
l·y.\mlersoil i, cxactly the samc as the VIUI (Voigt-Reuss-Hill ) 
·'I'proximation . Scc. i"r cxamplc. Physical ACOJlstics, edited uy 
11'.1'. :\Iason , (Acadcmi c Press, .Kc\\' York, 1965), Vol. IlI-D, 
('hap . 2. 

2. EXPERIMENTAL PROCEDURE 

2,1. Specimens 

The specimens usecl in thc present work art: vacuum 
hot-pressed polycrysmlline aggregates and they are 
virtually frec irom porosity. These materials arc known 
under a tr:lcle name Irtran, ,w:lilable from the 
Eastman Kodak Company. The specimcns were about 
0.635 by 0.953 by 7.620 cm in dimension, sufficiently 
large cnough LO make accurate resonance measurements 
as wdl as measurements of sound velocities. The iaccs 
of each specimen were polishec\ to give a recutngulal' 
prism whose sides and ends are square and parallel to 
±O.()Ol C111 . U~ing ul t rasonic vcloci ty measurements, 
each ~pecimen was checked for thc clastic isotropy by 
rotating the transducer crystals on thc specimen ::iurface. 
All the specimens were found to be isotropic ior both 
the longitudinal and shear waves. In the following, a 
brief description of these specimens is made uncl..:r 
each matcrial headings. 

A . Polycrys/aUine AlgO 

Onc specimen designated hereafter as IR--:-fgO is a 
typical Irtran 'No. 5 material. Thc measured c!ell::iity 
was 3.5819 (±O.0009) g/ cm" at 298°K and it should 
be compared with the x-ray density of 3.581 in the ;,:lmt: 
unit. The chem ical purit.y of lR- -:'fgO was ()9.<JS% 
-:-fgO . ::\Iinor constituents contained in the "pecimcn 
wnc as follows: Si 80, Ca 30, Al 2.'i, Fe 25, Cll 10, Sa 5, 
Ba less than 3, B less than 10, .0:i 5, );a 3, Li 2, Cr -1-, 
K, and SI' each less than 1 ppm. The spccimen was 
highly translucent in the visible region, and it h:lcl :<11 

optical reflecta.nce DeLLer than ()O% in the 1+ lO 26 }.l 

range. The measured reslstrahlcn lallice wavelength 
was 25.3 (±O.2) }.l.G 

B. Polycrys/aUillc CaF~ 

Onc specimen designated under IR-CaF2 i~ a typical 
of Irtran No. 3 material. The measured density for the 

G Kodak Iftrilll 5 Material (Eastman Kodak Company, Ro­
chcstcr, Kcw York, 1963) . 

2535 
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T.I1<L£ r. ;\feasurcr! isotropic cla~tic moduli r,f polycrystCllline MgO, Caf" fJ-ZnS, ZnSe, and CdTc. 

ilcnbit v 
Spccimcn (g/cm:;) Young's 

I!{-;\fgO 3.5819(~O.OO09) 30 . 72(~O.12) 

IR-Cal', 3. 1 792(~0.0008) 10 . 75 (~0.09) 

JR-ZnS 4.0791(~O . OOO9) 8 . 38(~0.O9) 

IR-ZnSc 5.2G64(~O . OOO9) 7 .46(~0 . 10) 

IR edTe 5.8520(~O.OOO8) 

n 1\\1 V,dlll'S "re ,H 2I)N~ I\:. All moduli arc in units or 1011 uyn/rm? 

1l~-CaF2 w:cs 3.1792 (±O.0008) g/cm~ :ct 298°1(, 
and this value compares well with an x-ray density of 
3.179 ;2;/ cm3 at 2~8°K. The chem ical purity of the 
specimen was 99.92% CaF2, and aspect rochemical 
analysis ~ho\\'ed the following impurities : Sr 700, Na 
SO, :'Ilg 20, Si 3, and 1\l n 2 ppm with t.rances of AI, Ba, 
1\:, and Li . The JR-CaF2 was highly translllccnt in the 
yisibk region as in the case of Il~-1\J gO and it h<ld the 
'optical properties corrcspond ing to a single-crystal 
Cafo2 • 

C. Polycrysfallillc fJ-ZnS 

The ,B-7.nS specimcn used in (he present program is it 
typical of lrlran No. 2 m:l.lerial. The measured density 
was .. l-.()791 (±O.O()09) g/cm" at 298°\(, and lhis should 
be cOl1lp:u'ed with a x-ray density of 4 .0S8 g/cm" at 
the same temperature. The specimen has been referred 
to as 1R-ZnS in the text, and it has a chemical purity 
of 99.997% ZnS. Among the impu rities detected were 
Si 1 anci Ph 1 ppm with traces of eu, Fe, and ::Vlg. 
X -ray diffraction pallerns indicate the IR-ZnS was 
composed primarily of fJ-ZnS (i .e., sphalerite) . 

D. Polycrystallinc ZnSe 

One specimen of polycrystalline ZnSe used in the 
present program isa typical Irtran No. 4 material, and 
this has been designated as IR-ZnSe. The IR-ZnSt: 
had the bulk density of 5.266-1 (±O.0009) g/ cm;j at 
298°K. and this value compares well with 5.267 gm/ cm3, 
the x-my density at (he same temperature. This speci­
men has a chemical purity of ~9 . 99.'i% ZnSc, with 
minor constitucllts including :;\1;2; 5, C\I 3, B 10, and 
AI 2 ppm and traces of C l' and Ki . The IR-ZnSe was 
tral1~lucel1t in the visible 1'e;.;iol1 and had the optical 

. propertit:s similar to singlc-crysw.l ZnSe . 

Elabtic modulus" 

Shcar Longitudinal :'If cthod of measurcmcnts 

12.93(~0.10) Rcsonanc.: 
12. 90(~0 . 03) 33. 83( ~O. 03) Pulse supcrposilion 

4 . 07(~O.07) Resonance 
4.11(~0 . 03) 14 . 87(~0.O3) ]'ulse slIpcrposition 

3.1S(~0.07) Rcsonance 
3.17(~0.03) 11.9S(~() . 03) J'ulse slIpcrposition 

2.S1(~0.07) RC:;OIlil.I1CC 

2. 89(~0. 03) 9.S3(~0.03) Pulse slIpcrp:Jsition 

1.40(~O . 05) 6.07(~O.OG) Phase comp: rison 
1.38(~0 . 03) 6 . 0S(~O.03) PlIlse supcrpo;ilioll 

lE. Polycrystallillc CITe 

One specimen referred hereafter to :cs IR-CdTe is a 
typical of Irtran Ko. 6 material. The measured density 
was 5.8520 (±O.0008) g/cm:! at 298°]( and this may 
be compared with 5.854 gm/ cm:! calculated from the 
lattice c0l1stanL7 of 6.5815 A ,tt 298°K.. The chemical 
purity of the ~peciJllen was 99.98% CdTe :.lIld the speci­
men contained the following impu rities: B 10, Si 10, 
Mg 3 ppm and traces of AI, Ag, ~Lnd Cu . 

2.2. Measurements of Isotropic Elastic Moduli 

The present work utilizes prima rily a modified 
Fiirster-typc rcsonallct: method in the kilocyde ran"e' 
to determine the j,.;o(ropic shcar modulus and tl;:n 
Young's modulus of a bar-shapcd polycrystalline c;peci­
men. Two ultrasonic methocb!l (phasc-comparison and 
pulse-superposition techniques due to :'lcSkimin ) 
oilen used in singlc-crystal measurcments are also used, 
:tS complcmentary methods, for determining the clastic 
parameters of polycrystaJline solids uncleI' invcstigation. 
Since :l detailed description on all of these methods arc 
found in the literature, this dC5cription is not :repro­
duced here. 

3 . EXPERIMENTAL RESULTS 

Table I lists t he measured clastic moduli ior all the 
polycrystalline specimens considered ,in the present 
work. For a. given material, two sets oi isotropic ela~ , ic 
moduli are entered. Onc set. is the result obtained from 
the resona.nce method in the ;\lIdio-fl'equcl1cy range and 

7 ~. W'. D:wis and T. S; S,hill_i.rhY. 1'hY5. Rev. 118, 1020 (1900). 
• S. SPlllJ1C~ ;.1I1~1 W. [~' . felll, l'roc. :\ST;-[ 61, 1221 (1961 ). 
D It. J . .\IcSlwllIn, Pfty.\"/(lft .·1 ("lfsli(s~ \\'. 1' .. \Iasoll, Eel. (Aca . 

dcmic Press Inc., New York, 1<)64), Vu!. 1-,\, Chap . 4. 
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TAIII.E H. Literature values of single-crystal clastic constants of ;\rgO, CaFo, !9-ZnS, ZnSc, and CdTe.' 

:-"Iattrial and 
reference temperalure Ilen5ity 

(g/cm') 
Su -S12 

(OK) (X10" cm'/dyn) 

:-..r .~o (;lOO) 
~1;.;0 (29::\) 
~lgO (293) 
:\1;.;0 (.lOO) 
:'lgO (29::;) 
:'lgO (297) 

Ca F2 (300) 
CaF, (298) 
CaF, (0) 
CaF, (300) 
CaF; (293) 

tJ-ZnS (29S) 
tl-ZnS (298) 
J:I-ZnS (298) 
,>-ZnS (302) 
{j-ZnS (298) 
,3-ZnS (293) 

ZnSc (298) 

CdTc (~C)::;) 

CdTe (77) 

3.576 
3.580 
3.,)<)8 

3.579 
3.,)79 
3.5::;1 

3.180 
3.180 
3 . 180 
3.1795 
3.180·1 

<1.102 
4.102 
4.102 
4 . 079 
4. OS::; 
4.0R3 

S.8,)·1 
5.R('O 

4.024 
(4.075) 
3.983 
4.02<) 

(3 .91'8) 
4.004 

(6.904) 
(7 .097} 
(6 .S1S) 
(7 .241) 
(6 .901) 

(19 .429) 
(19.995) 
(20.497) 
(IS . S17) 
(IS.3S1) 
(18.706) 

(22 .570) 

(42 .5~2) 

(:lIU96) 

0.936 
(0.950) 
1.000 
0.942 

(0 .969) 
0 .973 

(1.479) 
(1 . 660) 
(1.515) 
(1 . 768) 
(1.463) 

(7.309) 
(S .016) 
(8 .075) 
(7.090) 
(7.065) 
(7.201) 

(8.486) 

(17 . 3.'\~) 
(15. 75~) 

1\ \ ';dlll.'s in p;lrl'lllh(':-;l'~ :l.rc the prc'"clll writer:.' l'ompulation ha:-cd nn work 

or the ,0I"1)!1I1:d aulhor:.. Th~' 1l1lInbcr t'ii t hI.! :-.i)-;Ilii"u:anl figllrc~ <IIJc!\ nOl necessarily 
rt'pn'H'1I1 the ,H'tlll';!fy of tILe vahws. 

J. .II,!) I : ~I. A. })ur.llld, 1'lIy, . l{,'v, 59, H" (I~.I(,). 

"(dSI: C. SII"C, J. 1\" •. ('l1;SR (p,lfi'l, 51, 2.1 (1%1). 
tl (d('l: n, J I. Clnlllg, J. J. Swiu~. ;\111\ W. B. ('rantlall, J. Am. (\'ralll. SOl'. 

46 j ·ISl (PHd). 

'·C,.illl: E. 11:11 llngardu" J. AI>I'\. 1' lIy" 36, 2.101 (1%5). 
f (,,';('1: 1>. J I. Chun;:: (uJlpuiJli:-hl,d work, J9(,,)) . 
~ 2S\~I: \\". Voigt r.l.'iJrbud, dCf Kri"/allphYl'j l.:, (TcuiJncl", Berlin, l'nH), p. 7·11. 
b :is!:!1: R. !'irini,'a:;an, Proc. l'hy::.. ::;'Ol". (London), 72, 556 OY5S) . 
i 60 111 : D. IL llulTman anu M. 11. :-Iorwoou, ['lIy • . I<cv.117, iO? (1%0). 

the other from l\lcSkimin's pulse-superposilion method 
ill the ultrasonic frequency range. Because oj high 
damping, the resonance measuremcnts on IR-CdTe 
were nOL made but instead sound velocities were meas­
ured by both the pulse-superposition and lJhase-com­
parison methods. The prima.ry constants resulting 
from the resonance method arc the shear and Young's 
moduli, whereas those f!'Om the ultrasonic met hods are 
the shear and longitudinal moduli . In each caSl:, the 
combined experimental errors in the modulus arc 
indicaled. ] t is noted here that the elastic moduli 
determined from the resonance Jllethod are ~tl\v:lyS in 
the general agreemcnt with the ones determined from 
the ultrasonic methods . 

4, SINGLE-CRYSTAL ELASTIC CONSTANTS AND 
CALCULATIONS OF THE VOIGT­

REUSS- HILL (VRH) MODULI 

For most 11l;ttLriais considered here, tlll:re an.: more 

6.461 
(6.757) 
6.3~9 

6.468 
(6.405) 
6.42l) 

(29 .586) 
(28 .8 14) 
(25.000) 
(29. (74) 
(29,481 ) 

(22.936) 
(24 .272) 
(29.412) 
(22.173) 
(21.678) 
(21 . 6~5) 

(22 . (76) 

(50. 15 t) 
(51.mO) 

ell Cl2 C.I.I 
(XlO-JI dyn/cm2) 

28.93 
28.60 
30.20 
2S.9·t 
29.708 
29 . 60 

16.4 
16,44 
16.S 
16.4 
16.357 

<).42 
10.79 
10.0 
9.76 

10.46 
10.32 

8 .10 

5 .351 
6 . IS 

S .77 
8.70 

10.10 
8.82 
9.536 
9.51 

4.47 
5.02 
4.~ 

5.3 
4.401 

5.68 
7.22 
6.5 
5.00 
6.53 
6.46 

4.RS 

.3.01>1 
4.30 

15.·177 
l~ . XO 

15 . 75 
15.46 
15.613 
15.557 

3.3tl 
3.-17 
~.O 

3.37 
3.392 

4.,'\6 
4 .12 
3..b 
4..:;1 
4 . (,13 
4.62 

4.·,1 

1 . ')<)·1 
1. ')6 

A 

1.5'* 
IA9 
1.57 
1.54 
1 . .15 
1. 55 

0.57 
0.61 
0.67 
0.61 
0.57 

2.33 
2.31 
1. 94 
2.34 
2.35 
2.39 

2. 7'~ 

2.3') 
2.12 

1{dcrence 
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55131" 
MS1-
63Cl d 

65151 c 

65Clf 

28\'1 < 
55m" 
Si)SI I, 

60IIl i 
63H1j 

lSVlk 
-Hill I 
51P1'" 
63Eln 
63B1 o 

63Z1" 

631l1 o 

62:\[1' 
G3Blu 

--- -- ._=== 
j (,3 if I : S. ll!l"s;uh l, I'll)'" SI:""s Solidi 3 , lOll (1963). 
I. IXVI: W. Voigl, C;/;llilJ)(CI' 1I:achr. 421 (I'HR). 
1·11 HI: ~. Hlmg~lval\lam and I), SuryanaraY:ln;I, Proc. Ind. Aead. Sd., A20, 

.lill (PiI·t). 
111511'1: E. Prince nl1.1 \V.A. \Vousler, ,\Cla C'r),:-.1.4 , 11)1 (I t)Sl). 

.. (,3E1: 1\. t~. Eiil:-.prul'il nnd IC J. ~Iannin~, J. Acou~l. Sue . .\m. 35, 215 
(1%1). 

U (dBI: 1>. Ikrllllfol.Jrl, 11. ].L((C. ilnd L. R. 5hio/..itW:l, jll!Y:i . Rev. 129, 1009 
(1'1(.3). 

" (,JZI: A. Z .• rcmIJl)vitch, J, Phy,. (Paris) 21, 1097 (I~(,.l). 

'!Jnu: 11. J . McSkimin and I). G. Thomas, J. Aj'lll. Phys. 33,.16 (1%2) . 
• 5.illl: S. nha~:lvantam, 1'ro.1nd . Incl. Alau. Sci., A11,: 78 (1~65). 

from one author's result to another. This situation 
presents a problem of selecting the clastic constants 
realistic of the solid. For this re:tson, all the known 
values of elastic constants are quoted in T,lble II as 
they found in the literature. In each casc, entrics have 
been made for the rcierencc temperature after the 
material heading and also for the density of the speci­
men used by the original authol', the clastic constants, 
the dn.stic anisolropy factor, and the source of this 
inforll1:ttion. Using these single-cryst<Ll clata, the iso­
tropic VRI-I mocluli are calcul:tted according to the 
relations 

J(VIlII =}{JI = 1\./1 = J\.* = CIl - 2C/3 (1) 
ancl 

(2) 

where C= (Cll-C12). The limiting moduli Cv and CII 

arc given by 

(3) 
than onc set of ,,;ngle-crystal elastic constants reported and 
in the literature and in some cases they differ in values ( 4) 
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TA IIf.I·; [I r. The Voigl-RclIss-Hill mocluli of ;\fgO, Car., i3-ZnS, ZnSe, and CclTe." 

;\Iatcrial and rdcrcnce J{cfcrcncc 
tt'l11jlerature (O~) to c'/ b /\VlIl[ 

.\ 1 gO (,,00) 3()f)[ 1.1.·[<)0 
\ 1 ~() (29S) .'iSBI 15.333 
:'11 ;.:0 (293) 61S1 16 .800 
\lgO (300) 63Cl 15.530 
\[gO (29S) 651n '16 . 260 
:'I[gO (297) 65Cl 16.205 

CaF, (300) 28Vl S.H7 
Ca I.'.; (291) ) 55Hl 8.827 
CaF, (Ol 58S1 8.800 
('af.', (300) ()0I1l 9.000 
COlI'. (293) 631I1 8.386 

{3-ZnS (29S) 18\' 1 6.930 
,1-ZnS (2<)8) 4~ln 8.~10 
1~-/.IlS (29S) 51!'1 7.M)7 
P-/.IlS (.'l1l2) 631':1 7.187 
{~- ZnS t 2<;8) 63Bl 7.S~0 
p-ZnS (293) 63Z1 7.7"'7 

ZnSc (291') 63Bl 5.953 

CdTe (298)' 62\[1 4.238 
CdTe (7;) 63111 4.917 

11 All moduli arc in units of 1011 dyn/cm:! , 

rc~pecLivdy. Kno\\'in;..; the hulk Illodulus j\* and Lhe 
shear Illodulus (;''', one can calculate Young's modulus 
E*, the longiLudinalmodulus L*, and Lime's consLant 
A* as well as the compressibil ity x* and Poisson's raLio 
jJ.* from the well-known rehtionslO of the isotropic elas­
ti city . 

The result of Lhese calcubtions for the isotropic bulk, 
shear, ,l11d Young's moduli arc tabuhted in Table U I 
iOl all the sinf!:le-crysta.l daLa listecl in Table 11. Also 
entered arc the difierenccs in the limiting Voigt and 
Rcuss moduli since they ,He related to the actual magni­
tU(1e of the elastic anisoll'Op), possessed by crystals. 11 

T able I V compares sdectecl values of the measured and 

CVIlI[ £\'1(11 CV-G'l £'V-Ell 

13 .033 30 .. 'i32 0.571 1.0·,5 
12.623 29.712 0.·>75 o.tm 
13.IS-J. 31.291 0.6.'12 1. 19~ 
13.013 30.51.1 0.57.\ 1.051 
13. 10~ 30.985 0 .. :;<)(, 1. 112 
13.0S6 30 .S73 O . • )<)5 1. 109 

4- . 251 10 .920 0.325 0.716 
4-.2~1 10.%5 0.250 0 .557 
4-.708 11. 985 O.lS:; 0.399 
4.120 10 . 723 0.2-W 0 . S50 
4 . 264 10 .936 0 .324- 0.712 

3 .112 8.114- 0.520 J . IX() 
2.<)4-5 7.90S (US I 1. 157 
2.60·1 7.017 0.271 0.656 
3 . 20S 8 .. \72 0.53<) 1.22(, 
3.276 8.619 0.5':;6 I. ). 
3 . 255 8.558 0.578 1. 3..>.) 

2.945 7.573 0 . 689 1. 52·, 

1.406 3.796 0.2.11, 0.604-
1.450 3 . 959 O.ln 0.477 

L Scc Table Il for lhc ('ompiclc rcicrcnccs. 

calculated isotropic moduli fr0111 Table I and Table HI, 
respL:ctivL"ly. 

5. DISCUSSION 

It is apparent from Tahle IV that the measured 
polycryslalline clastic moduli arc in good agreement 
wiLh the isotropic VIUl moduli calculated from the 
corresponding single-cryst al clastic constanLs. The 
dijTercnces observed between the measured and calcu­
lated values arc in most cases wiLhin the scaLLers in Lhe 
calculated VRH moduli resulting from the dit"fcrencl:s 
in thl: single-cryst al clastic consLants of one au thor to 

anot her (sce Table HI). This indicates the success oi 

TABLE IV. Comparison between the measured ;,nd calculated isolropic c1aslic moduli of :'IfgO, Cah, (j-ZnS, ZnSl!, and CciTe. 
.-

Elastic modulus" 

;\Iatt:rial :tnd referencesh Sht:ar \' oung'5 Bulk 

:'IfgO Single-crystal (65C1) 13.056 ,1 (Ul 7.3 16.205 
polycrystalline 12.93 (±0. to) 30.72(±0.12) 16 . ·11 

CaF, Single-crystal (60Irl) 4.120 10.72.3 9.000 
polycryslallinc .J.. 07 (:i:0 . (7) 10. ;5 (±0 .09) 9.% 

{3-ZnS Single-crystal (63E1) 3 .208 8.372 7 . 1~7 
polycrystalline 3 . 18(±0.07) S.38(±0 . 09) 7 . 66 

ZnSc Single-crystal (631l1) 2.9-15 7,,:;73 5.953 
polycrystalline 2 .88 (±O . 07) 7 A6 (±0 . 10) 6.67 

CdTe Single-cryslal (6nJ 1) 1.406 3 . 796 ... . 2,,8 
polycrystalline l.38(±0.03) 3 . 73 -1 . 25 

n All moduli arc ill units of 10" d~· n/nn'.!. L Scc 'rabic 1I for the complete rciercncc>. 

10 F. Birlll, J. r;l·"·lh~·s. Res. 65, 3855 (1%0); Tahle~. 
11 D. 11. C'hlln;,( .IIHI \\ . 1\. JllItSSCIll, J .. \ ppl. l'hys. (Ill press). 
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tht' \'RlI ;Ippro:\imation, even for the anisotropic 
\IT,;tab like ('liTe and ZnSe. 

''1'0 e:\,ll1line a possihle dependence of the VRH 
.lj1rnJ.\imat ion on clastic anisotrop.\·, wc plot led the 
r.llin of the l1leasured modulus lo the c;liculaled VRH 
modulus as a fUllctio n of percent clastic anisotropy in 
Figs. 1 and 2. The percenl clastic anisotropyl' referred 
herl' is' 

.f *(i n %) = [3(A - J )~/3(.II - 1)2+2S.l1JX100, (S) 

Il'hen: .,f = 2CI/(Cll-CI2). Kote (hat the limiting Voigt 
.lIld Reuss moduli result in the wider spread as the 
l'Listil' anisot rop.\· of crystal becomes large. It is note-

• \\'ort 11\', however, t ha ( t he measured moduli lie within 
,he spread fur every crystals considered in (he present 
pro.gram. As seen in Fig. 2, the ratio of shear moduli 
I C;"",,,, 'CYHII ) is ~Ill;dler than un ity in all cases and the 
clc\'ialion of (his ratio from unity becomes 1:trge as the 
eiaS( ic anisot ropy of crystal increases. Similar observa­
lion can be made also for the case o( Young's modulus . 

TA 111.1'; V. Ml'an velocily oi sound fill' ~f~O, CaF" 
#-l.:nS, CdTe, and ZnSc," 

.. [ . Urn 

-

VIII * 
;\fateri:ds and reference" (';1,, ) [EC]. (6)J [p.q. (7) J 

~lgO Single-crystal (6.'iCl) 2.28 6.617 
IHllYCT),st;lilinc 

CaF, Single-crl·,tal (C>OIII) 2.96 4 . 001 
polycrystallinc 

!1.ZnS Single-crystal (631~1) ~UC) 3,122 
jl"I,Tryslallinc 

edTc Single-crystal ((m ll) 8,83 1.712 
pol,'('ryslallinc 

ZnSc Single-crystal (63 BJ) J 1.70 2 ,406 
pol !'(rystalli ne 

1\ All valuc~ of the velocity arc in units of 10 fi t:m/scc. 
h Scc Tablc "I [ for the i.:Omp[clc rcfcrull c!). 

6,6S·1 
6.61(, 
4,!l22 
'J. .()06 
3, !:is 
3 , 127 
1,7,13 
1. 727 
2.637 
2.61-1 

The trcnd of this c1evialion with increasing dastic 
anisotrop." suggests that, for highly anisotropic cryst~ds 
lik\! Li and N.lJf, the Vn.H appro:\imalion lllay nOL be 
lhl' good procedure to follow . But, for the cubic crystals 
possessing loll' or moderate clastic anisotropies (i .e., 
.' [*<10% ) , Ihe VRH approximation is believed to be 
accurate ill giving the prohable isOll'Opic dastic l1loduli 
and these \'RI[ moduli are as good as ones wc measurc 
in i he lahoratory . 

To pl'Ovicit.: all ,l(lcJ i I ional support to (his (onclusion, 
we lake <l nUl11erical approach in which we caku];Lte the 
J1iL';m \'elot ity of sound in ,L given crystal and then 
cOl1lpare this result wilh t.he corresponding quantilies 
decluced from the Debye continuum relation. The 
Il1C;\J1 velocity of sound in an anisotropic crySL<LI is 

1

- 1 0 J (1) rl0.]-I/J u",=.L ,-;;-- ,(j=J,2,3), 
_.1 )~ I I v) -hr 

(0) 

where Vj represent three sound velocities that arc the 
eigenvalues of the ChristofTcl cqll<tlioll involving the 
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hG. 1. COl1lpa ri~oll between calculated and measured Young's 
moduli as a function of clastic anisolropy. 

single-crystal clastic consl;tnl:-; amI rln is the clement of 
a solid :l1lf,';le, i.e., rln= sinOdOllcp . Since the integration 
oi Eq . (0) is impr;tClical to perform analytically, the 
integration is evaluated numerically as a procedure 
out lined by A1crsY lJsing the single-crystal clastic con­
stants for the individual m:tterials considered, values 
of the mean velocity of sound have bt:cn w1clliaLed by 
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FIG. 2. Comparison betwcen c~lcuiatcd and mcasured shcar 
moduli as ;, function of clastic anisot ropy. 

12 G. A. Al<:rs, PhysiCllt "I CllIISlics, \\" P. :'Iason, E(l. (.\c;id~l1lic 
rrcss Inc., New York, 19(5), Vo!. nI-B, Chap. L 
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U;"t: of '11 :'\1- i07 -1 COIl1 plI (er. The co 111 pu t ed values of 
l'm arc' t.lhll1.dl'd in Talll<: V and th<.;sc :trc compared with 
"al lies calL'llhted frOll1 (i) th<.; VRH moduli and (ii) 
t hc' mcasured polycrystalline elast ic moduli presented 
earlil'r in Table I. Since the polycrystalline <.;lastic 
modul i ar<.; isotropic, such a calculation of the mean 
ydocity of sound from the pol)'crystalline data is simply 
done by 1 hl: use of a Debye expressionl3 

(7) 

where VI* and ut" arc the isotropic longitudinal and 
transverse velociti<.;s of sound, respectively, and they 
arc delin('d by lhl: isotropic longitudinal and shear 
moduli in the lISU,t1 \\'ay. 

1.1 "c',', illr example, T. 11. 'K. 1hrron, Pllil. Mag. 7, [46J 720 
(1<)5.') and abo .\nn. Phys. 1, 77 (1957) . 

J Cl LJ I( :\ .\ L Cl F ,\,1' l' L 1 E D )' 1I Y SIC S 

It is <.;vid<.;nt from T:lhk V that tht: values of the 
mean vdocity of sound calculated irolll the single­
crystal data agr<.;e well with that ol.Jtainl:d from the 
polycryst:t1line data. In other words, the values of v",* 
calculated from Eq . (7) using both LIIl': VRII moduli 
and the actual polycrystallil1e moduli find in the general 
agreement with the v", calculated from Eq. (6) . The 
kind of the agreement observed here SLPj10rts thl: e:: I'licr 
conclusion that the VRH approximation gives reali;,lic 
values of the polycrystallint: clastic moduli in terms of 
the corresponding single-crystal propeni<.;s. 
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Behavior of Saturable-Absorber Giant-Pulse Lasers in the Limit of 
Large Absorber Cross Section 

L. E. Eiuel,soN .\1\1.) A. S1.AI;O 

ill/diu &~ P;lcclrica/ ElIgillCcrillg J)i;·i.l'lOlI, ,fl'alilll/llt Ncscarrl; COli liCit, 0/111"'", Callnila 

(Hcccil'cd 9 Jallu:lry 19(7) 

1),illl-( a ra(c-equation l11od~l, it is ,I](,\\'n Ihat the l.dl;lVio[ of the satural,le-;ti,sori>er giant-pulse (SA(;1') 
Ia,,,r can I,c adequately descrihed in term" of lw(, parameters for values of the ratio of absorber to laser 
ahsorpti(,n cms:; ~cl'tit'n .,.>200: 1/,,;' the Ilormalized inilial inversion anti (IT" 11'11(']'(; r , is th<; normalizcd al,-
50r],er rclax:tlion time. 1n the gener:d case, spcrifil'atioll of I/,,/,u,and r,i, required. Thcordical curves of the 
gianl-pulse output power, encrgy, :lI1d rise- and falltimes arc pn;scntc<i. The reOilJits arc applicaLle in par­
ticular to S:\Cl' lasers employing organic-dye absorher,. 

INTRODUCTION 

I.(ecently, the srlt\lmblc-absorber giant-pulse (S/\(;1') 
laser has been the sul.Jjecl of intensive study. Ho SA Cl> 

, 1'. P. Sorokin, T. J. Luzzi,]. R LankaI'd, and C. D. l'ellit, 
lH.\[ j . Rcs. Develop. 8 , 182 (1%-1-). 

~.\1. T . i\fclal11ed :lnd C. lIir;Lyall1a, l\ ppl. l'hys. Letters 6,43 
(1%5) . 

" E. Snil!.n ;tndR . Woodcock, IEEE j. Quanlul11 Electron. 
QE-2 , (,2/ \JYU(.). 

, 11. \\ ' . C.lI1")', R. J. Ginlher, and J. F . Wellcr, '\1'1'1. 1'h)'s. 
Lc tl e rs 9, 2 i 7 (1966). 

"S. \'w;ilikall';t and Y . .\lalul11ura, IEEE J. Quantul11 Elcctron. 
QE-2, xlviii (ll)(,(»). 

'. \. Szaho and IC ,\ . Stein, J. 1\1'1'1. l'hys. 36,1562 (196:;), 
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(11)(,(,) . 
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" D. Rl]e~, anti G . Zcidlcr. /\1'1'1. 1'h),s. Letters 8, 10 (19('(,' . 
lb F.;. '\k('jlln~ and 1) . \\'cincr, IEEr~]. Quantum EiLTlrun. 

QE-1, tJ-l (1W,5j. 
"V. ))'UH''l. C .. \. Sacchi, and O. Svcito, IEEE ]. Quantul11 

Electron. QE -2, 21)U (1966). 

" 

lasers might be classed into two types, depending on 
the nature and distribulion of absorber centers in the 
laser cavi ly. The more: common device: uses n.n organic­
dye absorber, which is physicaJly separated from the 
amplifying medium. Such dyes have absorption cross 
sections which arc typically 10:1 to 10:; tinKs hrg<.;r than 
that of the laser centers. In th<.; other type of SACP 
bscI', the absorher is uniformly clislribukcl thrOllghoul 
the amplifying medium, ~ . g., Xi]=<+ glass co-doped with 
UOiH/ color Cellkrs in XcFl+ glas,;:l ~';l d Hd'+ gbss co­
dop<.;d with Fe2+.~ Th<.;re have also IJ<.;ell indications of 
self Q-switching in ruby co-dop<.;d with Ti and Fe." 
The absorb<.;r paramekrs in the latter s),st<.;m5 arc, as 
yet, hll'gely unclt;termined. 

In earlier publications·; ·7 a theory of SACI' lasers 
was formulated in terms of thr<.;e parameters, 1I'''i the 
normalizecl inversion prior to Q swilching, (J the ratio 
of absorber to laser cross sect ion, and Ts the absorber 
lifetime normalized to the cavity photon liietime. It is 
the purpose of this paper to show that for slll1i.cientlr 
I:trge (T, the: SAG]' ia:;('l' behavior can be adequately 
described by only two par:t111ders, iI'''i anclthl: product 
(JT, . The rang<.; of validily of (his description is examined 
in detail and is shown lo he a good :tpproxim:ttion ior 
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